Abstract. We present an improved analytic theory, numerical simulation, and analysis of noise characteristics of a bi-SQUID in comparison with those of a dc SQUID in an open loop configuration. The analytic theory which had been developed earlier neglecting a pulse component of the difference of the phases of Josephson junctions is now completed with taking into account the pulse component. In the bi-SQUID, the additional Josephson junction introduces an additional source of fluctuations as well as changes its transfer function, nonlinear dynamics, and the noise spectrum transformation. Some increase in the reduced-to-input noise at low values of applied magnetic flux comes from the nonlinear flux to phase difference transformation introduced in bi-SQUID as a way to linearize its voltage response.
Introduction
Bi-SQUID [1] [2] [3] was introduced in order to achieve a much more linear voltage response than the one of dc SQUIDs which are widely used as highly sensitive amplifiers, but showing only a limited voltage response linearity. In conventional low-frequency dc SQUID systems, the improved linearity and dynamic range are obtained by using an external feedback loop which has limited bandwidth [4, 5] . This is not feasible in case of broadband systems, and this fact makes the bi-SQUID very promising for many important applications. In particular, bi-SQUIDs can be used as basic cells of Superconducting Quantum Arrays suggested recently for implementation of broadband RF systems capable of providing highly linear characteristics and high dynamic range [6] . Some other designs of such systems using arrays of bi-SQUIDs were proposed in [7] - [9] .
Earlier, we presented a simplified analytical theory of bi-SQUID [1] where a pulse component of the difference of Josephson junction phases 2 1    was neglected. In this paper, we present an improved analytical theory of bi-SQUID taking into consideration the pulse component. We compare our results with experimental data. Next, we present the analysis of noise characteristics of the bi-SQUID through its voltage response and compare them to the noise characteristics of dc SQUID in the open loop configuration. Figure 1a presents a schematic of a bi-SQUID with sources of δ-correlated fluctuation currents connected to Josephson junctions. The sources have to take into account thermal noise in the junctions in compliance with Langevin method [10] - [12] . The fluctuation currents can be omitted when analyzing signal characteristics. In the case of symmetric bi-SQUID with overdamped Josephson junctions well described by Resistively Shunted Junction (RSJ) model [10] , one can write a set of equations as follows: , I c3 and R N3 are critical current and normal resistance of the third Josephson junction J 3 .
Signal Characteristics
Removing the current i 3 from the set of equations, one derives the description of a symmetric dc SQUID. It is convenient to use the sum and difference phases 
(7) For both the dc SQUID and bi-SQUID in the resistive state, the input flux (Φ e ) to voltage (V) conversion can be considered in the form of two successive transformations. The first one is the flux Φ e to phase   transformation, and the second one is the phase to voltage transformation. The latter one is about same for both devices while the flux-to-phase transformations are substantially different. (8) The transformation is perfectly linear at l = 1 and becomes only slightly nonlinear with l reaching a value of 10. But in bi-SQUIDs, the flux-to-phase transformation is close to the one provided by a one-junction interferometer [4, 12] with an effective normalized inductance . This leads to the following signal equation for the one-junction interferometer loop: 
Flux-to-Phase Transformation
In the 0-th order approximation which is valid at l << 1, one can neglect pulse component of the difference phase and can get the following "phase" equation: 
and the precise "phase" equation is ) sin(
depending on spectrum of the pulse component can be approximated by a serial expansion [13] to a second term as J 0 (b k ) ≈ 1 -(b k ) 2 /4, and therefore the expression (14) can be reduced as follows:
where the parameter b is defined through the following relation: . If the basic tone with amplitude b 1 is dominating, all the higher order harmonic components can be neglected through reducing this parameter to b ≈ b 1 , and hence the effective inductance (14) can be written in the following form:
(14b) Thus, taking into account the only basic tone, the "phase" equation can be written as follows: 
Phase-to-Voltage Transformation
Next, we consider the consequent transformation of the phase difference 
Equations (1), (4), (5) 
This relation is truly valid only at l << 1 when the pulse component is negligibly small and, together with one of the "phase" equations (8) or (11), describes voltage response of either dc SQID or bi-SQUID at the limit as explicit and implicit functions, correspondingly. 
one can easy calculate the dc component of the term using formulas for Bessel functions [9] : 
This allows coming to the improved approximation of the phase-to-voltage transformation: (11), (19) can be used to describe the output voltage. One should note that the generalized equations (15), (22) can be used mostly for qualitative analysis. Exact study of the voltage response and its linearity has to be done by means of numerical simulations.
Experimental Evidence
Several arrays of 20 to 128 identical bi-SQUIDs connected in series were fabricated using the HYPRES niobium process with critical current density 4.5 kA/cm 2 [14] . The arrays were designed with same critical currents of main (Fig. 3a) and I b = 1,8I c , correspondingly (Fig. 3b) . In the first case, parameters l ≈ 1.27, I c3 ≈ 1.4I c yield in l * ≈ 1.9. Such a high value of the parameter defines a hysteretic flux-to-phase transformation resulting in hysteresis at the tops of the voltage responses. In the second case ( SQUIDs can be achieved with the bias current exceeding critical current 2I c by the amount of spread in the critical currents together with setting circuit parameters optimal for the biasing.
Numerical Simulations
Our numerical simulations show that the perfect linearity of the voltage response of bi-SQUIDs can be achieved while inductances l range from very low values up to about 2 to 3 at the proper setting the characteristic parameter 
Noise Characteristics
Both, the dc SQUID and bi-SQUID, are considered here in the current bias mode, while a voltage bias mode is also possible [5, 15] . With respect to noise there is no difference between the current and voltage bias modes [5] . Aiming a b and hence a well pronounced smoothing of IV curve of the SQUID in the very beginning of its resistive branch. As it was shown (see for example [16] ), the optimal operation point should be associated with the flux biasing Φ e ≈ Φ 0 /4 and bias current I b < 2I c setting the point in the smoothed range of the IV curve at Φ e ≈ Φ 0 /4 where the ratio of the differential resistance dV/dI to the transfer factor dV/dΦ e is sufficiently small.
Since the bi-SQUID is proposed for implementation in open-loop systems, we consider here the noise characteristics of bi-SQUID and compare them with those of dc SQUID for both in the open loop configuration, when all the voltage response V(Φ e ) is in use. In such a case, there is no reason for the aforementioned decrease of the critical current with the view of attending an optimal operating point. Moreover, increase of the critical current gives decrease in noise factor γ and hence in overall noise reduced to the device input (see formulas (31) and (35) below). When using niobium process, the increase in the critical current density j c (up to 1.0 to 4.5 kA/cm 2 and higher [14] ) allows increasing characteristic voltage V c of the overdamped Josephson junctions, and hence increasing output voltage of the SQUID-based devices.
General Relations
When considering symmetric dc SQUID or symmetric bi-SQUID (see schematic in Fig 1a) , one can characterize the fluctuation currents I 
This shows that the low-frequency fluctuation component I FL of the current I L applies to the one-junction interferometer (and thus to the bi-SQUID) the same fluctuating magnetic flux LI FL as to the dc SQUID. In such a way, one can write for both SQUIDs common expression for the output low-frequency fluctuations:
The reduced-to-input fluctuations can be written as follows:
In a general case, spectral densities of the low-frequency fluctuation currents I FJ and I FL must be derived taking into account a nonlinear spectrum transformation. For example, in the case of a single overdamped Josephson junction (McCumber parameter  c << 1) biased with current I b , RSJ model gives resulting spectral density of the low-frequency fluctuation current as follows [10] :
where J  is Josephson junction oscillation frequency. In the cases of dc SQUIDs and bi-SQUIDs, such a nonlinear spectrum transformation can also give some contribution in dependence on the applied magnetic flux affecting dynamic processes. Neglecting the nonlinear spectrum transformation, one can derive the general relations for dc SQUID (when ignoring junction J 3 and fluctuation source I F3 ) and bi-SQUID below.
Dc SQUID
In the approximation, the low-frequency fluctuation current I FJ is a sum of the low-frequency components 
Spectral density of the low-frequency fluctuations reduced to the dc SQUID input is as follows:
and using (23) and normalized parameters including normalized transfer factor  v , one can come to the following
In terms of the normalized spectral densities, relation (31) has the following form:
Bi-SQUID
In the case of bi-SQUID, the low-frequency fluctuation current I FJ is the same as in dc SQUID, i.e. a sum of the low-frequency components 
In accordance with common relation (25), the low-frequency spectral density of the output voltage fluctuations can be written as follows:
Using (23) and normalized parameters, one can write the spectral density of the low-frequency fluctuations reduced to the bi-SQUID input as follows:
where ρ = (1 + 2R N /R N3 ). Its magnitude can be approximated as ρ ≈ (1 + 2/l). In fact, increasing of the inductance L and hence l (up to about l ≈ 3) allows better coupling with signal source. In accordance with Fig. 4a , the optimal relation between I c3 /I c and l of the widest range can be easier achieved at V c ≡ I c3 R N3 = const, resulting in R N3 /R N ≈ l. In terms of normalized spectral densities, relation (35) changes to the following form:
In accordance with the resulting formulas (32) and (36), the spectral density ) 0 ( s  , for both the SQUIDs, contains two terms proportional to R-factor 
Numerical Simulations
We performed numerical simulations of dc SQUID and bi-SQUID in open loop configuration in presence of moderate thermal noise when noise factor was as high as  = 0.033. The study was done with use of the software PSCAN enhanced with means of noise simulation and spectrum analysis [17] . Figure 5a presents the normalized spectral density of the output voltage versus applied magnetic flux e  for both SQUIDs. Starting from the same value, the spectral densities decrease with magnetic flux, but slower for the bi-SQUID. The behavior follows the squared differential resistance which decreases much slower in the bi-SQUID due to slower increase in the phase difference with the applied magnetic flux. In fact, it is seen from Fig. 1b 
Conclusion
The exhaustive analysis of the bi-SQUID devised for operation in open-loop configuration was performed in comparison with a dc SQUID using both an analytic approach and numerical simulations. The improved analytic theory was developed by taking into account a pulse component of the phase difference. Optimal parameters were derived to achieve a mostly linear voltage response of the bi-SQUIDs connected in series through minimizing of the critical current spread impact observed in experimental studies. Our numerical simulations of dc SQUID and bi-SQUID in open loop configuration and in the presence of thermal noise gives noise characteristics of the SQUIDs in close agreement with the results following from analytic analysis. The study shows some increase in noise of bi-SQUID as compared to dc SQUID, especially at low values of applied magnetic flux. The noise increase can be traced to nonlinear flux to phase difference transformation introduced in the bi-SQUID to linearize its voltage response. The nonlinear transformation retards the change in the phase difference and therefore delays the decrease of the bi-SQUID superconducting current and hence results in a slower decrease of the differential resistance with applied magnetic flux.
The in-depth analysis of the bi-SQUIDs is of great importance from the viewpoint of the possible development of bi-SQUID-based devices (exploiting a single bi-SQUID or an array of the ones) with the expected progress in Josephson junction technology, e.g. with further increase in critical current density (niobium process), with decrease in size of the Josephson junctions [18] or with advancement in high-temperature superconductor technology [19, 20] .
